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Abstract
In this paper we consider the problem of optimizing a quadratic pseudo-Boolean function subject
to the cardinality constraint
∑
1 in xi = k with a polyhedral method. More precisely we propose
a study of the convex hull of feasible points included in the Padberg’s Boolean quadric polytope
and satisfying the cardinality constraint. Speciﬁcally, we investigate the connection with the Boolean
quadric polytope and study a facet family. The relationship with two other polytopes of the literature
is also explored.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction and notations
We consider the constrained quadratic 0–1 optimization problem which consists of
determining the optimum of a quadratic pseudo-Boolean function (qpBf) over the set of
0–1 n-vectors x satisfying the cardinality constraint
∑
1 in xi = k, i.e. with exactly k
nonzero coordinates. The problem is written as
Pf ≡ Min
x∈Bn,k

f (x)= q0 + ∑
1 in
qixi +
∑
1 i<jn
qij xixj

 ,
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where
Bn,k =

x :
∑
1 in
xi = k

 ∩ Bn and Bn = {0, 1}n.
The coefﬁcients qi and qij of the qpBf f are real numbers. In the sequel, all quadratic pairs
i, j are assumed to be present even if qij = 0.
According to the polyhedral approach, let us consider the following extended set of Bn,k
BPn,k = {(x, y) ∈ Bn+(1/2)n(n−1): x ∈ Bn,k, yij = xixj , 1 i < jn} and Lf (x, y) =
q0 +∑1 in qixi +∑1 i<jn qij yij the linearization of the qpBf f (x). The two prob-
lems Pf and PLf ≡ Min(x,y)∈BPn,k Lf (x, y) are easily seen to be equivalent, and ifQPn,k is the convex hull of BPn,k , PLf is also equivalent to the continuous linear pro-
gram Min(x,y)∈QPn,k Lf (x, y) because the set of the extreme points of QPn,k is exactly
BPn,k .
To solve this last problem by linear programming techniques, a full description of QPn,k
is necessary. This can be given by a minimal set of equalities and inequalities [6,14]. This
method has been used ﬁrst in the unconstrained case where x ∈ Bn. The corresponding
convex hull, called Boolean quadric polytope, was initially studied by Padberg [15], fol-
lowed by Boros, Crama and Hammer [4], Boros and Hammer [5], and Boissin [3] among
others. The constrained case has been explored too. Johnson et al. [12] have studied the
quadratic 0–1 knapsack polytope deﬁned through a knapsack constraint. Crama and Maz-
zola [9] extended this work to the supermodular knapsack problem. We can also give the
examples of Park et al. [16] andMehrotra [13] whoworked on the set of points satisfying the
criterion
∑
1 in xik. Here, we are interested in the more constrained problem with the
constraint
∑
1 inxi = k. Some optimization problems in edge-weighted graphs (bipar-
tition or subclique of ﬁxed cardinality) or some facility location problems can be modeled
this way [10,17]. Note that, for k= 
n2  or k= n2 , the problem is generally NP-hard. The
minimization of a qpBf under the constraint
∑
1 in xi = k has been already studied in
[2] where the height notion of a qpBf is generalized to the constrained case. A lower bound
is proposed that can be computed by a linear programming method involving the original
xi variables plus, as in the linearization technique above, the yij variables.
The aim of this work is to emphasize some properties of the set of points QPn,k , that
can be useful for a cutting plane method. Though the quadratic problem with the strict
equality constraint studied here seems to have some similarity to the one with the inequality
constraint studied by Park et al. [16] and Mehrotra [13], it has appeared that the respective
structures of the induced polytopes are quite different.
In the whole paper, we consider the polytope QPn,k for 2kn− 2.
This paper is organized as follows. In Section 2, we give the afﬁne hull description and the
dimension ofQPn,k . In Section 3, we present some symmetry properties ofQPn,k and some
operations on its facets. In Section 4, we concentrate on the connection with the Boolean
quadric polytope [15] and study a family of facets ofQPn,k . In Section 5, we investigate the
relationship of QPn,k with some polytopes of the literature [7,13,16]. Finally, in Section 6,
we conclude.
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In the following, we will use the further notations:
• R the real numbers.
• N the set of integers {1, . . . , n}.
• BPn the set of unconstrained binary points {(x, y) ∈ Bn+(1/2)n(n−1): x ∈ Bn, yij =
xixj , 1 i < jn}.
• The afﬁne hull of a set of points P is denoted by Aff(P ) and its convex hull by Conv(P ).
• QPn = Conv(BPn) the Boolean quadric polytope with n linear variables xi , see [15].
2. Afﬁne hull of QPn,k
Before arriving at the description of the afﬁne hull of QPn,k , we recall a characterization
of the qpBf’s vanishing on Bn,k .
Theorem 2.1 (Billionnet andFaye [2]). For 2kn−2, the qpBf c(x)=c0+∑i∈N cixi+∑
i,j∈N,i<j cij xixj is identically equal to zero on Bn,k if and only if
∃0, i∈N such that c(x)
= 0
(∑
i∈N
xi − k
)
+
∑
i∈N
i

 ∑
j∈N,j<i
xj xi +
∑
j∈N,i<j
xixj − (k − 1)xi


.
Corollary 2.1. For 2kn−2, the functionf (x, y)=q0+∑i∈N qixi+∑i,j∈N,i<j qij yij
is identically equal to zero on BPn,k if and only if
∃0, i∈N such that f (x, y)
= 0
(∑
i∈N
xi − k
)
+
∑
i∈N
i

 ∑
j∈N,j<i
yji +
∑
j∈N,i<j
yij − (k − 1)xi


.
Proof. It follows from the Theorem 2.1 and the deﬁnition of BPn,k . 
We can now easily get a representation of the afﬁne hull of QPn,k .
Proposition 2.1. Let Akn(x, y) be the (n + 1)-vector of functions whose ﬁrst row is the
function∑
i∈N
xi − k
and the next n rows are the functions∑
j∈N,j<i
yji +
∑
j∈N,i<j
yij − (k − 1)xi for i ∈ N .
90 A. Faye, Q. Trinh / Discrete Applied Mathematics 149 (2005) 87–100
Then, for 2kn−2,Aff(QPn,k)={(x, y) ∈ Rn(n+1)/2: Akn(x, y)=0}, and the dimension
of QPn,k is 12n(n− 1)− 1.
Proof. To prove the ﬁrst part, let us recall thatAff(BPn,k)={(x, y) ∈ Rn(n+1)/2: E(x, y)=
0}, where E(x, y)= 0 is the set of all the afﬁne equalities satisﬁed by the points of BPn,k .
From Corollary 2.1, Akn(x, y) = 0 on BPn,k and any f such that f (x, y) = 0 on BPn,k
is a linear combination of functions of Akn(x, y), which are ﬁnally sufﬁcient to describe
Aff(BPn,k) and then Aff(QPn,k).
If in the system of equations Akn(x, y)= 0 we substitute the equation
∑
i∈N xi − k = 0
by the linear combination(∑
i∈N
xi − k
)
+ 1
k − 1
∑
i∈N

 ∑
j∈N,j<i
yji +
∑
j∈N,i<j
yij − (k − 1)xi


= 2
k − 1
∑
i∈N
∑
j∈N,i<j
yij − k = 0,
we obtain an equivalent system from which we can extract the following lower triangular
matrix of order n+ 1 whose columns correspond to variables y12, x1, x2, . . . , xn

2
k − 1 0 · · · 0
1 −(k − 1) ...
1 0 −(k − 1)
0 −(k − 1)
...
. . . 0
0 · · · 0 −(k − 1)


which is full rank for k2. Then the dimension of Aff(QPn,k) is 12n(n + 1) − (n + 1) =
1
2n(n− 1)− 1 and the dimension of QPn,k follows. 
Consequence 2.1. If f (x, y)0 induces a facet of QPn,k and g(x, y)0 is a valid in-
equality forQPn,k which induces a proper face containing the facet induced by f (x, y)0,
there exists a scalar > 0 and a vector  ∈ Rn+1 such that g(x, y)=f (x, y)+tAkn(x, y).
Here, we give the expression of a linear combination of the n+ 1 functions of the vector
Akn(x, y) that will be useful in the following.
Remark 2.1. For =
(
0
i∈N
)
∈ Rn+1,
tAkn(x, y)= 0
(∑
i∈N
xi − k
)
+
∑
i∈N
i

 ∑
j∈N,j<i
yji +
∑
j∈N,i<j
yij − (k − 1)xi


= − 0k +
∑
i∈N
(0 − (k − 1)i )xi +
∑
i,j∈N,i<j
(i + j )yij .
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In the rest of this paper, for more concision, we will sometimes denote by Akn, the vector of
functions Akn(x, y) deﬁned above.
3. Operations on facets of QPn,k
We describe, in the following lemmas, some useful operations to build a new facet-
inducing inequality from a given facet-inducing inequality.
Indices permutation operation:
Lemma 3.1. Let us consider the notation y(i)(j)= yMin((i),(j))Max((i),(j)), where  is
a permutation function on N. If the valid inequality a0+∑i∈N aixi+∑i,j∈N,i<j aij yij0
induces a facet of QPn,k , then a0 +
∑
i∈N aix(i) +
∑
i,j∈N,i<j aij y(i)(j)0 stays valid
and induces a facet of QPn,k .
Complement operation:
Lemma 3.2. Letf=a0+∑i∈N aixi+∑i,j∈N,i<j aij yij0 be a facet-inducing inequality
for QPn,k . Then the inequality g= q0 +
∑
i∈N qixi +
∑
i,j∈N,i<j qij yij0 deﬁned by the
transformation
:


q0 = a0 + ∑
i∈N
ai + ∑
i,j∈N,i<j
aij
qi =−ai −
( ∑
j∈N,j<i
aji + ∑
j∈N,i<j
aij
)
i ∈ N,
qij = aij i, j ∈ N, i < j
is a facet-inducing inequality for QPn,n−k .
Proof. Let : (x, y) ∈ Rn(n+1)/2 → (x′, y′) ∈ Rn(n+1)/2 be the afﬁne mapping deﬁned
by {
x′i = 1− xi, i = 1, . . . , n
y′ij = 1− xi − xj + yij , 1 i < jn.
 is bijective and −1=. Each point of BPn,k has through  an unique image in BPn,n−k
and, as  is afﬁne, the image of QPn,k through  is QPn,n−k and vice versa. Given f , an
afﬁne function, suppose g is an afﬁne function such that
(C.0) g((z))= f (z) z ∈ QPn,k .
Then, f (z)0 is valid on QPn,k ⇔ g(z)0 is valid on QPn,n−k .
Moreover, the afﬁne independency is conserved through the invertible afﬁne mapping ,
so f (z)0 induces a facet of QPn,k ⇔ g(z)0 induces a facet of QPn,n−k . As −1 = 
(C.0) is equivalent to g(z′)= f ((z′)) z′ ∈ QPn,n−k , and then it sufﬁces to choose g= f ◦
=(f ) for making (C.0) satisﬁed. 
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Remark 3.2. As  ◦ is the identity, the converse of Lemma 3.2 holds, that is to say, if
(f )(x, y)0 induces a facet of QPn,n−k then ((f ))(x, y) = f (x, y)0 induces a
facet of QPn,k .
4. Relation between QPn and QPn,k
In this section we investigate some facial properties of the polytope QPn,k and study the
family of facets induced by the clique inequality.
First let us introduce the following notations. Let z= (x, y) be a point of QPn,k ,
• xzi is the component xi of z.• x(z)= {i ∈ N : xzi = 1}.
Note that a valid inequality for QPn is valid for QPn,k too, the former polytope containing
the latter. We now brieﬂy recall the way the clique inequality [15] is constructed and the
reason of its validity. Recall that the linearization of a qpBf (see Section 1) consists in
substituting each product xixj (i < j) by the corresponding variable yij and each square
x2i by xi (since xi ∈ {0, 1} ⇔ x2i = xi).
Let S be a nonempty subset of N and let  be an integer. Then consider the following
quadratic inequality
−1
2
(∑
i∈S
xi − 
)(∑
i∈S
xi − − 1
)
0.
Such an inequality is valid for any 0–1 vector x (a member of the product is never strictly
positive when the other is strictly negative) and then provides through the linearization of
the qpBf involved, the following inequality, called clique inequality,
clqS,(x, y)= 
∑
i∈S
xi −
∑
i,j∈S,i<j
yij − (+ 1)2 0
which is valid for BPn and hence forQPn. The vertices ofQPn (i.e. BPn) which saturate this
inequality can be easily deduced from the above quadratic formulation and are characterized
by the following cardinality condition: let z ∈ BPn, then clqS,(z)= 0 iff  |x(z) ∩ S|
+ 1.
For example, let
clqN,k(x, y)= k
∑
i∈N
xi −
∑
i,j∈N,i<j
yij − k(k + 1)2 0
be the clique inequality deﬁned with S = N and = k, then for any binary point (x, y) of
BPn, clqN,k(x, y)= 0 iff∑i∈N xi = k or k + 1.
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Proposition 4.1. QPn,k is a face of QPn.
Proof. LetF be the face ofQPn induced by the valid inequality f (x, y)=clqN,k−1(x, y)+
clqN,k(x, y)0. The vertices of F are the vertices of QPn (i.e. BPn) for which f (x, y) is
null, that is to say clqN,k−1(x, y) and clqN,k(x, y) vanish. Then the vertices of F are the
vertices of QPn (i.e. BPn) which satisfy
∑
i∈N xi = k, that is to say BPn,k . As F is the
convex hull of its vertices, we have F = Conv(BPn,k)= QPn,k . 
Consequence 4.1. Let F be a facet ofQPn,k , Proposition 4.1 implies there exists a facetG
of QPn s.t. F =G∩QPn,k . In other words, if a valid inequality f (z)0 for QPn,k induces
a facet F of QPn,k , then there exists a valid inequality g(z)0 for QPn inducing a facet
G of QPn which induces F on QPn,k too and, according to Consequence 2.1, there exists
> 0 and  ∈ Rn+1 such that g = f + tAkn.
In order to get the facial description of QPn,k , Consequence 4.1 tells us it is sufﬁcient to
search among the inequalities inducing facets of QPn. We give an example with the clique
inequality.
4.1. Study of the clique inequality family
It has been proved by Padberg [15] that the clique inequality induces a facet of QPn for
|S| = 2 if  ∈ {0, 1} and for |S|3 if 1 |S| − 2. As we shall see the clique inequality
does not always generate hyperplaneswhich contain our polytopeQPn,k andmay sometimes
produce facets if some additional restrictions are imposed on k. As mentioned before, we
consider 2kn− 2.
In the following, we consider f =a0+∑1 in aixi+∑1 i<jn aij yij as the general
expression of an afﬁne function. The coefﬁcient aij , i < j , will also be denoted by aji (i.e.,
aij = aji). For any element i of N and any subset U of N − {i} we deﬁne aiU =∑j∈U aij .
Proposition 4.1.1. Let S be a subset of N such that 2 |S|n− 3 and let  be an integer
satisfying{
(C4.1.1) |S| = 2 ⇒  ∈ {0, 1}
(C4.1.2) |S|3⇒ 1 |S| − 2.
Then, for 2kn− 2, the clique inequality
clqS,(x, y)= 
∑
i∈S
xi −
∑
i,j∈S,i<j
yij − (+ 1)2 0
induces a facet of QPn,k if and only if + 2k |N − S| + − 1 (C4.1.3).
Proof (Sufﬁciency). Let f (x, y)0 be a valid inequality for QPn,k such that the face
induced on QPn,k contains the face induced by the clique inequality.
(C4.1.1) and (C4.1.2) imply the existence of a subset U of S such that = |U | |S| − 1.
Let j ∈ S−U . (C4.1.3) implies the existence of a subsetR ofN−S such that |R|=k−−1
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and 1 |R| |N −S|−2. Then let h′ ∈ R and h, h′′ ∈ N −S−R (h = h′′). Now consider
z1, z2 ∈ BPn,k such that{
x(z1)= U + R + h,
x(z2)= U + R + j.
As clqS,(z1)= clqS,(z2)= 0, f (z1)− f (z2)= 0 which gives
ah + ahU + ahR = aj + ajU + ajR . (1)
Now let R′ = R − h′ + h′′. Substituting R by R′ in (1) leads to
ah + ahU + ahR′ = aj + ajU + ajR′ (1′)
and (1)–(1′) gives
ahh′ − ahh′′ = ajh′ − ajh′′ (2)
which is valid ∀j ∈ S,∀h, h′, h′′ ∈ N − S, since the sets U , R are arbitrarily chosen.
If |S|3 then (C4.1.2) implies that 1 |U | |S| − 2. Let i ∈ U , i′ ∈ S − U − j and
U ′ = U − i + i′. Substituting U by U ′ in (1) leads to
ah + ahU ′ + ahR = aj + ajU ′ + ajR (1′′)
and (1)–(1′′) gives
ahi − ahi′ = aji − aji′ (3)
which is valid ∀j, i, i′ ∈ S, ∀h ∈ N−S, since the setsU ,R are arbitrarily chosen.Without
loss of generality (see Lemma 3.1) let s, t be two elements of S (recall |S|2) and 1, 2, 3
be three elements of N − S (recall |N − S|3).
Let 1, 2, 3 be the solution of the nonsingular system{
a12 = 1 + 2
a13 = 1 + 3
a23 = 2 + 3,
then
for h ∈ (N − S)− {1, 2, 3} deﬁne h by a1h = 1 + h,
for i ∈ S deﬁne i by a1i = 1 + i ,
and ﬁnally
deﬁne  by ast = s + t − .
Then
(2) with h′′ = 1, h′ = 2, h= 3 gives aj2 = aj1 + a23 − a13 = j + 2 ∀j ∈ S,
(2) with h′′ = 2, h= 1 gives ajh′ = aj2 + a1h′ − a12 = j + h′
∀ j ∈ S,∀h′ ∈ (N − S)− {1, 2},
(2) with h′′ = 1 gives ahh′ = ajh′ − aj1 + a1h = h + h′ ∀h, h′ ∈ (N − S)− {1}.
A. Faye, Q. Trinh / Discrete Applied Mathematics 149 (2005) 87–100 95
If |S|3 then
(3) with j = s, i′ = t gives asi = ahi − aht + ast = i + s −  ∀i ∈ S − {s, t},
(3) with i′ = s gives aij = asj + ahi − ahs = j + i −  ∀i, j ∈ S − {s}.
Now, since |U |+|R|=k−1 and |U |=, (1) becomes ah+(k−1)h=aj+(k−1)j−.
As the sets R, U are arbitrarily chosen, this relation is available ∀h ∈ N − S and ∀j ∈ S.
We therefore have a constant 0 such that{
ah = 0 − (k − 1)h ∀ h ∈ N − S,
aj = 0 − (k − 1)j +  ∀ j ∈ S.
The last coefﬁcient a0 can be found by solving the equation f (z) = 0, for any z of BPn,k
such that clqS,(z)= 0, whose only one solution necessarily is a0 =−k0 − 12(+ 1).
Now let us verify that the face induced by the clique inequality is strictly contained in
QPn,k . As (C4.1.3) implies k − + 1 |N − S| and k − 20, there exists subsets U of S
and R of N − S such that
if 1 |U | = − 1 and |R| = k − + 1,
if = 0 |U | = 2 and |R| = k − 2.
Let z of BPn,k be such that x(z)= U + R then clqS,(z) = 0. Finally, we have exhibited
=
(
0
i∈N
)
and  such that f =  clqS, + tAkn (see Remark 2.1). As clqS,(z) = 0 for some z of
QPn,k , the clique inequality clqS,(x, y)0 induces a facet of QPn,k . 
Proof (Necessity). For the necessary part, observe the following inclusions. If 2k+1,
the condition |S|n− 3 (i.e. |N − S|3) implies there exists h, r ∈ N − S and N − S =
{h, r}. Let z be a vertex of QPn,k (i.e. point of BPn,k) which saturates the clique inequality
clqS,(x, y)0. Then |x(z) ∩ S| and thus |x(z) ∩ (N − S)|k − 1, that is to say
z saturates clq{h,r},0(x, y)0 as well. As N − S = {h, r} there exists a vertex z such that
clq{h,r},0(z)= 0 and clqS,(z) = 0 (take z s.t. 0 |x(z)∩ S|− 1 and xzr = 0). Hence the
face induced by the clique inequality is strictly included in the face induced by clq{h,r},0
which is itself strictly contained in QPn,k for k2.
For the case n− 2k |N − S| + , applying the complement operation of Lemma 3.2,
if clqS,(x, y)0 induces a facet of QPn,k , then (clqS,)(x, y)= clqS,|S|−−1(x, y)0
induces a facet of QPn,n−k . Letting k′ = n− k, ′ = |S| − − 1, we obtain clqS,′(x, y)0
inducing a facet of QPn,k′ with 2k′′ + 1, that contradicts the result above. 
For k = 2 and k = n− 2, the elementary clique inequalities (those where |S| = 2) give a
minimal description of QPn,k , as we are going to see.
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Proposition 4.1.2. The following equalities hold true:
QPn,2 = {(x, y): A2n(x, y)= 0, clq{i,j},0(x, y)0, ∀(i, j) ∈ N ×N, i < j},
QPn,n−2 = {(x, y): An−2n (x, y)= 0, clq{i,j},1(x, y)0, ∀(i, j) ∈ N ×N, i < j}.
Moreover, these polytopes are simplices and their facets correspond, in a one-to-one man-
ner, to the inequalities given in their above respective descriptions.
Proof. First, let us focus on QPn,2. Let f be an afﬁne function which is negative or null on
QPn,2. In particular, f is negative or null on BPn,2, that is ∀i, j, 1 i < jn, a0 + ai +
aj + aij0.
As a consequence ∀i, j, 1 i < jn, ∃ij0 s.t. aij =−ij − a0 − ai − aj . Letting
0 =−a0/2, i =−a0/2− ai , i = 1, . . . , n, f can be written as
f = −
∑
1 i<jn
ij yij − 20 +
∑
1 in
(0 − i )xi +
∑
1 i<jn
(i + j )yij
=
∑
1 i<jn
ij clq{i,j},0 + tA2n.
Then f is a positive linear combination of clq{i,j},0 plus a linear combination of A2n. Thus
the clq{i,j},0 for 1 i < jn are sufﬁcient to describe the proper faces of QPn,2. QPn,2
is a simplex. Indeed it has 12n(n − 1) vertices and contains the same number of afﬁnely
independent points (Proposition 2.1) then necessarily, its vertices are afﬁnely independent.
Now, since QPn,2 is a simplex of dimension 12n(n − 1) − 1, it has 12n(n − 1) facets. As
the number of inequalities clq{i,j},0(x, y)0 is 12n(n − 1) too, each of these inequalities
induces necessarily a facet of QPn,2 and each facet of QPn,2 is represented by one (and
only one) such inequality. Now, let f (x, y) = 0 be a valid inequality inducing a facet
of QPn,n−2. Then, (f )(x, y)0 induces a facet of QPn,2 (Lemma 3.2), that is to say
(f )=  clq{i,j},0 + tA2n for some i, j ∈ N with a scalar > 0,
=
(
0
i∈N
)
∈ Rn+1.
Since ◦ is the identity, we have
f =((f ))= (clq{i,j},0)+(tA2n)=  clq{i,j},1 + tAn−2n with
=
(− ∑
i∈N∪{0}
i
i∈N
)
.
Hence the facets of QPn,n−2 can be described by the clique inequalities clq{i,j},1(x, y)0.
AsQPn,n−2 is a simplex of dimension 12n(n−1)−1 too, it has 12n(n−1) facets described,
in a one-to-one correspondence, by the inequalities clq{i,j},1(x, y)0 for i, j ∈ N , i < j .

Others families of facets of QPn can provide facets of QPn,k . For example, this is the
case for the cut inequality introduced by Padberg [15] and for some hypermetric inequalities
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studied by Boissin [3]. As for the clique inequality, further conditions are required to get
this result [11].
5. Connection with some related polytopes
In this section, we show two linear transformations that map our polytope, for some
special values of k, on two polytopes previously studied in the literature.As a consequence,
facet families of our polytope can be used to construct facets families for these twopolytopes.
5.1. Connection with the polytope of the cardinality inequality constrained problem
Park et al. [16] consider the polytope deﬁned by the convex hull of the binary points
satisfying the cardinality inequality constraint, that is to sayQPn,k =Conv(BPn,k )where
BPn,k = {(x, y) ∈ BPn:
∑
i∈N xik}. This polytope is the projection of our polytope
on some variables. Indeed, let us denote by ProjN , the projection on the variables xi , yij
with indices i, j in N and consider the polytope QPn+k,k = Conv(BPn+k,k) deﬁned with
k additional variables xi . It can be easily checked that BPn,k = ProjN(BPn+k,k). Then by
linearity of the projection, we have QPn,k = ProjN(QPn+k,k).
This observation can lead to some new valid inequalities inducing facet for QPn,k .
Indeed any valid inequality with nonzero coefﬁcients only for the variables xi , yij with
indices i, j in N , which induces a facet of QPn+k,k induces a facet of QPn,k (see [1,
Proposition 3.4 and Corollary 3.3]). Note that the conditions which were necessary to give
facets of QPn+k,k might fail for QPn,k since a valid inequality not inducing a facet of
QPn+k,k can induce a facet of the projected polyhedron. For example we can observe that
the conditions obtained from Proposition 4.1.1 for the clique inequality are slightly stronger
that those given in [16, Theorem 3.2]. Suppose (C.4.1.2) holds and clqS,(x, y)0 induces
a facet ofQPn+k,k with |S|3 andS ⊆ N , then (C.4.1.3) gives +2kn+k−|S|+−1.
The right part of this condition gives |S|n +  − 1 and it is possible to take S = N but
the left part does not allow = k − 1. So the clique inequality clqN,k−1(x, y)0 does not
induce a facet of QPn+k,k but, however, induces a facet of QPn,k (see [16, Theorem 3.2]).
Note that Mehrotra [13] considers the polytope QPn,k deﬁned with the variables xi ,
with indices i in N , and yij , with pairs i, j in a proper subset E of the set of all pairs i < j
inN2. This polytope is the projection of the polytope deﬁned in [16] with all pairs i, j , and
the previous result holds for any valid inequality inducing a facet of QPn+k,k with nonzero
coefﬁcients only for the variables xi with indices i in N and yij with pairs i, j in E.
5.2. Connection with the polytope of the equicut problem
Here we focus on the special case n= 2k. LetKn be the undirected complete graph with
n= 2k nodes and let V = {1, 2, . . . , n} be the set of nodes ofKn. For any U ⊂ V , let (U)
be the set of edges ofKn with exactly one extremity in U . (U) is called a cut. Note that U
and V − U give the same cut.
A cut (U) is an equicut if |U | = k = n/2. Since |U | = n/2 iff |V − U | = n/2, U and
V − U give the same equicut.
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Let us deﬁne BEQ(Kn)= {u ∈ Bn(n−1)/2: u is the incidence vector of an equicut ofKn}
andQEQ(Kn)= Conv(BEQ(Kn)).QEQ(Kn) is the equicut polytope [7].
In order to see the relationship between our polytope and the equicut polytope, let
xi =
{
1 if node i ∈ U,
0 else
and
uij = xi(1− xj )+ xj (1− xi) for 1 i < jn,
then
uij =
{
1 if edge ij ∈ (U),
0 else.
As U and V −U give the same equicut, for any equicut (U) we can suppose that the node
1 (arbitrarily chosen) belongs to V − U .
Letting x1 = 0 and yij = xixj , one gets the following expression for uij :{
u1i = xi i = 2, . . . , n
uij = xi + xj − 2yij 2 i < jn.
Now it is easy to check that the mapping  : (x, y) ∈ Rn(n−1)/2 → u ∈ Rn(n−1)/2 deﬁned
by the above expression is a bijection between BPn−1,n/2 and BEQ(Kn). As  is afﬁne,
 is a bijection between QPn−1,n/2 and QEQ(Kn), and a facet of QPn−1,n/2 maps onto a
facet ofQEQ(Kn) and vice versa. This observation allows us to construct valid inequalities
inducing facet ofQEQ(Kn) through Proposition 4.1.1. For example if clqS,(x, y)0 (with
S ⊂ N − {1}) induces a facet of QPn−1,n/2 then
clqS,(−1(u))=
(
− |S| − 1
2
)∑
i∈S
u1i + 12
∑
i,j∈S,i<j
uij − (+ 1)2 0
induces a facet of QEQ(Kn). Letting q = |S| + 1, d = |S| −  and Kq the complete graph
with nodes S ∪ {1}, we see that this inequality corresponds to the one of Corollary 7.4 of
[8]. The conditions of Proposition 4.1.1 for the polytope QPn−1,n/2 expressed with q and
d are for |S|3:{
(C4.1.2) 2dq − 2
(C4.1.3) q − n
2
+ 1d n
2
− 2
and the conditions (see [8, Theorem 7.3]) for which the inequality of Corollary 7.4 induces
a facet of QEQ(Kn) (n = 2k) are, according to [7, Remark, p. 59]: q2d + 1, d2,
qn/2 + 1, q − d4. The representation of these two sets of conditions in the plane d,
q (Fig. 1) shows that the facets built from Proposition 4.1.1 enlarge the family given in [8,
Corollary 7.4].
Exchanging x1, arbitrarily chosen, with another variable xi , one gets through the same
method, other valid inequalities inducing facets for QEQ(Kn) where the role of indices 1
and i are permuted.
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Fig. 1.
At last, letting x1 = 1 (instead of 0), one can construct (in a similar way) a bijection ¯
between QPn−1,n/2−1 and QEQ(Kn). If f (x, y)0 induces a facet of QPn−1,n/2−1 then
f (¯−1(u))0 induces a facet ofQEQ(Kn); but using the transformation  of Lemma 3.2
that maps an inequality inducing a facet ofQPn−1,n/2−1 onto an inequality inducing a facet
of QPn−1,n/2, one can deduce this inequality by f ◦ ¯−1 = (f ) ◦ −1 and this approach
does not give new facets.
6. Conclusion
In this paper we have introduced the facial study of the polytopeQPn,k which is included
in QPn, the Padberg’s Boolean quadric polytope. Having proved that our polytope QPn,k
is a face of QPn, we have exhibited some subsets of the clique inequality facets families
of QPn that also induce facets of QPn,k . For k = 2 and k = n − 2, we have given the full
description of QPn,k . For particular values of k, we have shown how facets of our polytope
QPn,k can be used to give facets for two related polytopes of the literature. This work could
be extended in theoretical and computational directions by searching new facet families and
designing a cutting plane algorithm. Such results are available in [11].
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